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Abstract—This paper presents an experimentally evaluated
solution to the problem of estimating the attitude of a rigid
body using rate gyros and a pan-tilt camera. A nonlinear attitude
observer combines angular velocity measurements obtained from
rate gyros with images of a planar scene provided by the
camera. By directly exploiting the sensor information, a stabi-
lizing feedback law is introduced and exponential convergence
to the origin of the estimation errors is shown. Additionally, an
active vision system is proposed that relies on an image-based
exponentially input-to-state stable control law for the pan and
tilt angular rates of camera to keep the features in the image
plane. Using recent results in geometric numerical integration
a multi-rate implementation of the observer is proposed, which
exploits the complementary bandwidth of the sensors. Practical
considerations, such as the lens distortion compensation and the
computation of suitable observer feedback gains are considered.
Experimental results obtained with a high accuracy motion rate
table demonstrate the high level of performance attained by the
proposed solution.

I. INTRODUCTION

Computer vision has long been recognized as an extremely
flexible technique for sensing the environment and acquiring
valuable information for pose estimation and control. Over the
last decades, awareness of this potential has brought about a
widespread interest in the field of vision-based control and
localization [1], [2]. The aim of this paper is the development
of a nonlinear image based observer to estimate the vehicle
attitude relative to a set of image features.

The use of cameras as positioning sensors in robotics
has its most significant representative in the body of work
devoted to vision-based control (see for example [1], [2], [3]
and references therein). The problem of pose estimation in
computer vision has also received a lot of attention. A variety
of algebraic and iterative methods based on point and line
correspondences have been proposed (see for example [4]).
Although algorithms based solely on image measurements
can determine the position and attitude of a camera, they
can greatly benefit from the integration with inertial sensors,
namely rate gyros and accelerometers as well as from the
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use of dynamic filtering and observer techniques [5], [6], [7],
[8]. In this paper, we follow a similar reasoning to obtain
a nonlinear observer that combines rate gyros and image
measurements and estimates the attitude of a rigid body.

In many applications it is appropriate to design observers
based only on the rigid body kinematics, which are an exact
description of the physical quantities involved. In this frame-
work, the attitude of the vehicle is propagated by integrating
inertial sensor measurements [9], [10], [11]. Research on the
problem of deriving a stabilizing law for systems evolving on
manifolds, where attitude is represented in its natural space
as an element of the Special Orthogonal Group SO(3), can be
found in [12], [13], [14]. These references provide important
guidelines for observer design and discuss the topological
limitations to achieving global stabilization on the SO(3)
manifold.

Nonlinear observers are usually formulated in the
continuous-time domain and the computational implemen-
tation of these algorithms calls for advanced discrete-time
integration algorithms. The selection of a suitable numeri-
cal method is vital since it should preserve the geometric
properties of the differential equations. Particular emphasis
has been placed by the scientific community on methods for
integration of differential equations evolving on Lie groups.
These methods were originally proposed by Crouch and Gross-
man in [15] and its general order conditions can be found in
[16]. In [17] the author constructs generalized Runge-Kutta
methods for integration of differential equations evolving on
Lie groups, where the computations are performed in the Lie
algebra, which is a linear space. More recently, commutator-
free Lie group methods were derived to overcome some of
the problems associated with the computation of commutators
[18], [19]. A comprehensive overview of geometric numer-
ical integration methods and their application to multi-body
dynamics evolving on SE(3) can be found in [20]. More
applications of Lie group methods are presented in [21].

In this work we consider the problem of estimating the
attitude of a rigid body equipped with a triad of rate gyros
and a pan and tilt camera. The proposed attitude nonlinear
observer fuses the angular velocity measurements from the
angular velocity with the information given by images of
a planar scene provided by an active vision system. By
exploiting directly sensor information, a stabilizing feedback
law is derived that guarantees exponential convergence to the
origin of the estimation errors in the presence of constant bias
disturbances on the rate gyro measurements. Moreover, for
time-varying bias terms, the estimation errors are guaranteed
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to remain bounded, provided that the time-derivative of the
bias and the error on the initial estimates are sufficiently small.

The discrete-time implementation of the observer is specif-
ically addressed. Using recent results from numerical analysis
[15], a geometric integration method is adopted to approximate
conveniently the original continuous-time observer. To exploit
the high-frequency readings of the rate gyros, a multi-rate
implementation of the observer is proposed, which updates
the attitude estimate while the image measurements are not
available and recomputes the estimate as soon as the time-
delayed image measurements are available. As a second goal,
we develop an active vision system that keeps the features
inside the image plane using an image-based control law for
the camera pan and tilt angular rates. Experimental results
were obtained using a real prototype. The test trajectories
were generated using a Model 2103HT from Ideal Aerosmith
[22], that is a three-axis motion rate table, which was specially
designed to provide precise angular position, rate, and acceler-
ation for the development and test of inertial components and
systems.

Preliminary versions of the results described in this paper
have appeared in [23], [24]. This extended version contains
new experimental results and proofs of theorems and lemmas,
omitted in earlier versions.

The paper is structured as follows. In Section II, the attitude
estimation and the camera pan and tilt control problems are
introduced. The sensor suite is described and the reference
frames adopted in the work are detailed. The attitude observer
is presented in Section III, and its properties are highlighted. In
Section IV a camera pan and tilt input-to-state stable controller
is derived, which centers the visual features in the image
plane. A low complexity discrete-time implementation of the
observer is presented in Section V. A prototype working in real
time is described in Section VI. In Section VII simulations
illustrate the performance of the observer and the pan and
tilt controller, and experimental results are presented in Sec-
tion VIII. Finally, concluding remarks are given in Section IX.

NOMENCLATURE

The set of real n × m matrices is denoted as
M(n,m) and M(n) := M(n, n). The set of skew-
symmetric, orthogonal, and special orthonormal matrices
are denoted as K(n) := {K ∈ M(n) : K = −KT},
O(n) := {U ∈ M(n) : UTU = I}, and SO(n) :=
{R ∈ O(n) : det (R) = 1}, respectively. The n-
dimensional sphere and ball are described as
S(n) :=

{
x ∈ Rn+1 : xTx = 1

}
and B(n) :={

x ∈ Rn+1 : xTx ≤ 1
}

, respectively. The notation diag(a)
describes a diagonal matrix formed by placing the elements of
a ∈ Rn in the main diagonal. With a slight abuse of notation
||M||, M ∈ M(m,n), m,n ̸= 1, denotes the Frobenius norm
of matrices and ||a||, a ∈ Rn, denotes the Euclidean norm
of vectors. The time dependence of variables will be omitted
unless required for the sake of clarity.

II. PROBLEM FORMULATION

Consider a rigid body equipped with a triad of rate gyros
and a pan and tilt camera. Let {B} be the frame attached to the

{B}

B
z

B
x

B
y

rate gyro

{C}
C
x

C
y

C
z

y

f

focal
point

L
z

L
y

L
x

{L}

L
x i

feature i

Fig. 1. Diagram of the experimental setup.

rigid body, {L} the local frame attached to the feature plane,
and {C} the camera frame with origin at the camera’s center
of projection with the z-axis aligned with the optical axis. The
observed scene consists of four points whose coordinates in
{L} are denoted by Lxi ∈ R3, i ∈ {1, . . . , 4}. Without loss
of generality, the origin of {L} is assumed to coincide with
the centroid of the feature points so that

∑4
i=1

Lxi = 0. The
image based estimation problem illustrated in Fig. 1 can be
summarized as the problem of estimating the attitude of a rigid
body given by the rotation matrix from {B} to {L}, denoted
as L

BR, using visual features and angular velocity readings.
An image-based controller for the camera pan and tilt angular
rates is also considered to keep the features in the image plane.

A. Sensor Suite

The triad of rate gyros is assumed to be aligned with {B}
so that it provides measurements of the body angular velocity
ωB corrupted by a constant unknown bias term, bω ,

ωr = ωB + bω, ḃω = 0.

As shown in Fig. 1, the camera can describe pan and tilt
motions corresponding to the angles ψ and ϕ, respectively. As
such the rotation matrix from {C} to {B} is given by

B

CR = RpanRtilt (1)
Rpan = Rz(π/2 + ψ), Rtilt = Rx(π/2 + ϕ)

where Rz(·) and Rx(·) denote rotation matrices about the z-
axis and x-axis, respectively.

For simplicity of notation let R = L
CR be the rotation matrix

from {C} to {L} and p the position of the origin of {L}
with respect to {C}. Then, the 3-D coordinates of the features
points expressed in {C} can be written as qi = RT Lxi + p,
i ∈ {1, . . . , 4} and, using the perspective camera model [5],
the 2-D image coordinates of those points yi ∈ R2 can be
written as [

yi

1

]
= δiAqi, (2)

where A ∈ R3×3 is the camera calibration matrix assumed
to be known and δi is an unknown scalar encoding depth
information and given by

δi = (eT

3qi)
−1, e3 = [0 0 1]T . (3)
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B. Attitude kinematics

The camera frame attitude kinematics can be described by

Ṙ = R[ω]×, (4)

where once again for simplicity of notation ω ∈ R3 denotes
the camera angular velocity and [x]× is the skew symmetric
matrix defined by the vector x ∈ R3 such that [x]×y = x ×
y, y ∈ R3. Taking the time derivative of (1), straightforward
computations show that ω can be written as

ω = C

BRωB +RT

tilt[ϕ̇ 0 ψ̇]T , (5)

where ψ̇ and ϕ̇ are the time derivatives of the camera pan and
tilt angles, respectively. Assuming that the camera pan and tilt
angles are known, we can readily obtain the attitude of the
rigid body from L

BR = RC
BR.

C. Problem Summary

The estimation problem addressed in this paper can be stated
as follows.

Problem 1. Consider the attitude kinematic model described
by (4) and let R̂ and b̂ω denote the estimates of R and bω ,
respectively. Design a dynamic observer for R based on ωr

and yi, i = {1, . . . , 4}, such that R̂ and b̂ω converge to R
and bω with the largest possible basin of attraction.

To develop an active vision system using the camera pan and
tilt degrees of freedom, we consider the following problem.

Problem 2. Let ȳ be the image of the features’ centroid given
by [

ȳ
1

]
= δ̄Ap, δ̄ = (eT

3p)
−1. (6)

Design a control law for ψ̇ and ϕ̇ based on ωr and yi, i ∈
{1, . . . , 4}, such that ȳ approaches the center of the image
plane.

Figure 2 depicts the cascaded composition of the system,
where the angular rate bias estimate is fed into the pan and
tilt controller.

III. ATTITUDE OBSERVER

In this section, we propose a solution to Problem 1 that
builds on results presented in [9], where a nonlinear position
and attitude observer based on landmark measurements and bi-
ased velocity measurements was shown to provide exponential
convergence to the origin for the position, velocity, attitude,
and bias errors. The proposed observer is designed to match
the rigid body attitude kinematics by taking the form

˙̂R = R̂[ω̂]×, (7)

where ω̂ is the feedback term designed to compensate for the
estimation errors. The attitude and bias estimation errors are
defined as R̃ = R̂RT and b̃ω = b̂ω −bω , respectively. Using
(5) and (7), the rotation error dynamics can be written as

˙̃R = R̃[R(ω̂ − ω)]× (8)

Some rotational degrees of freedom are unobservable in the
case features are all collinear as discussed in [9] and refer-
ences therein. The following necessary condition for attitude
estimation based on image measurements is assumed.

Assumption 1. There are at least four features of which no
three are collinear.

We will consider a feedback law for ω̂ that uses measure-
ments of the form

U = RT [Lu1 . . . Lu5] ∈ R3×5, (9)

where Lui ∈ R3 are time-invariant in the local frame {L}. To
obtain these vector readings from the image coordinates yi,
we explore the geometry of planar scenes. For that purpose,
we introduce the matrices

X =
[
Lx1 · · · Lx4

]
, Y =

[
y1 · · · y4

1 · · · 1

]
,

where Lxi are the 3-D coordinates of the feature points
expressed in {L} and yi the corresponding 2-D image co-
ordinates. We can now state the following lemma.

Lemma 1. Let σ = [σ1 σ2 σ3 σ4]
T ∈ R4 \ {0} and ρ =

[ρ1 ρ2 ρ3 ρ4]
T ∈ R4\{0} be such that Yσ = 0, Xρ = 0, and

1Tρ = 0, where 1 = [1 1 1 1]T . Consider that the features
verify Assumption 1 and the camera configuration is such that
the image is not degenerate (neither a point nor a line). Then,
the depth variables δi defined in (3) can be written as

δi = α
ρi
σi
,

where α ∈ R, ρi ̸= 0, and σi ̸= 0 for i ∈ {1, 2, 3, 4}.

Proof: From (2), Y and X are related by the expression
Y = A(RTX + p1T )Dδ , where Dδ = diag(δ), δ =
[δ1 δ2 δ3 δ4]

T and 1 = [1 1 1 1]T . Let n be an unitary vector
perpendicular to the features plane, such that nTn = 1 and
XTn = 0. Then

Y = A(RTX+ p1T )Dδ

= A(RT (nnT − [n]2×)X+ pnTn1T )Dδ

= A(−RT [n]2×X+ pnTn1T −RT [n]2×n1
T + pnTX)Dδ

= AM(X+ n1T )Dδ, (10)

where M = (−RT ([n]×)
2 + pnT ) is nonsingular for camera

configurations that do not lead to degenerate images (straight
lines and points). Using (10), we can write

Yσ = 0 ⇔ (X+ n1T )Dδσ = 0, (11)

and since Xρ = 0 and 1Tρ = 0, we have (X+ n1T )ρ = 0.
In addition, if no three points are collinear, it follows that

1) the null spaces of X+n1T and Y have dimension one;
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2) for any vector ρ = [ρ1 ρ2 ρ3 ρ4]
T ̸= 0 such that Xρ =

0 and 1Tρ = 0, the inequality
∏4

j=1 ρj ̸= 0 also holds;
3) for any vector σ = [σ1 σ2 σ3 σ4]

T ̸= 0 such that Yσ =
0, the inequality

∏4
j=1 σj ̸= 0 also holds;

Then from (11) and (X + n1T )ρ = 0, we can conclude
that Dδσ = αρ ⇔ δ = αD−1

σ ρ, where α ∈ R and
Dσ = diag(σ).

Writing (2) in matrix form and using Lemma 1, we have

Y = A(RTX− p1T )αD−1
σ Dρ

where Dρ = diag(ρ). From the feature centroid constraint
X1 = 0, it follows that

αRTX = A−1YD−1
ρ Dσ(I−

1

4
11T ),

which takes the form of (9) up to a scale factor. We can use
the properties of the rotation matrix and the positive depth
constraint δi > 0 to obtain the normalized vector readings

Cx̄i = RT Lx̄i = sign(α)
αRT Lxi

∥αRT Lxi∥
, (12)

where sign(α) = sign
(

ρi

σi

)
and Lx̄i = Lxi/||Lxi||, i =

1, ..., 4. Finally, we define the matrix U using linear com-
binations of (12) so that U = CX̄AX , where AX ∈ R5×5 is
nonsingular and CX̄ = [Cx̄1, . . . ,

Cx̄4,
Cx̄i × Cx̄j ] for any

linearly independent Cx̄i and Cx̄j .
The directionality associated with the features positions

is made uniform by defining transformation AX such that
UUT = I. The desired AX exists if Assumption 1 is satisfied
[9].

A. Observer Design
Let the bias in angular velocity measurements be constant,

i.e. ḃω = 0, and consider the Lyapunov function

V =
||R̃ − I||2

2
+

1

2kbω
||b̃ω||2, (13)

where kbω > 0 and ||.|| denotes the Frobenius norm for
matrices and the Euclidean norm for vectors. Since R̃ is a
rotation matrix, V can also be written as

V = tr(I− R̃) +
1

2kbω
||b̃ω||2.

To compute the time derivative of V , it is convenient to define
the unskew operator [.]⊗, which verifies [[a]×]⊗ = a, a ∈ R3.
Using (8) and noting that tr(A[b]×) = −[A − AT ]T⊗b, we
obtain

V̇ = sT

ω(ω̂ − ω) +
1

kbω

˙̃
bT

ωb̃ω, (14)

where sω = RT [R̃ − R̃T ]⊗. The feedback term sω can be
expressed as an explicit function of the sensor readings

sω = RT [R̃ − R̃T ]⊗

= [(R̂T LX̄AX)UT −U(R̂T LX̄AX)T ]⊗

= [
5∑

i=1

R̂T LX̄AXei(Uei)
T − (Uei)(R̂T LX̄AXei)

T ]⊗

=

5∑
i=1

(R̂T LX̄AXei)× (Uei),

where LX̄ = [Lx̄1, · · · , Lx̄4,
Lx̄i × Lx̄j ], for i and j that

verify LX̄ = RCX̄ and where ei is the unit such that ei = 1.
Consider the following attitude feedback law

ω̂ = C

BR(ωr − b̂ω +RT

pan[ϕ̇ 0 ψ̇]T )− kωsω

= C

BR(ωB − b̃ω +RT

pan[ϕ̇ 0 ψ̇]T )− kωsω,
(15)

where kω > 0. Applying (15) in (14) and defining

˙̂
bω := kbω

B

CRsω, (16)

the Lyapunov function derivative becomes V̇ = −kω||sω||2.
Considering the feedback law (15) and the update law (16),
the closed loop attitude error dynamics can be written as

˙̃R = −kωR̃(R̃ − R̃T )− R̃[RC

BRb̃ω]×
˙̃
bω = kbω

B

CRRT [R̃ − R̃T ]⊗
(17)

The following lemma provides sufficient conditions for the
boundedness of the estimation errors and excludes conver-
gence to the equilibrium points satisfying ||R̃ − I||2 = 8.
Global asymptotic stability of the origin is precluded by
topological limitations associated with those points [25].

Lemma 2. For any initial condition that verifies

||b̃ω(t0)||2

8− ||R̃(t0)− I||2
< kbω , (18)

the estimation error x̃ = (R̃, b̃ω) is bounded and ||R̃(t) −
I||2 < 8 for all t ≥ t0.

Proof: Let Ωρ = {x̃ ∈ D : V ≤ ρ}. As the
Lyapunov function (13) is a weighted distance from the origin,
∃γ ||x̃||2 ≤ γV and Ωρ is a compact set. V̇ ≤ 0 implies
that any trajectory that starts in Ωρ remains in Ωρ. So,
∀t≥t0 ||x̃(t)||2 ≤ γV (x̃(t0)) and the state is bounded.

The gain condition (18) is equivalent to V (x̃(t0)) < 4. The
invariance of Ωρ implies that V (x̃(t)) ≤ V (x̃(t0)), and so
1
2 ||R̃(t) − I||2 ≤ V (x̃(t0)) < 4 and consequently ||R̃(t) −
I||2 < 8 for all t > t0.

Exploiting the results derived for LTV systems in [26], we
can show that the trajectories of the system (17) converge to
the desired equilibrium point.

Theorem 1. Assume that ω is bounded and ḃω = 0. Then
the attitude and bias estimation errors converge exponentially
fast to the equilibrium point (R̃, b̃ω) = (I, 0) for any initial
condition satisfying (18).

Proof: Let the attitude error be given in the quaternion
form q̃ =

[
q̃T
q q̃s

]T , where q̃q = [R̃−R̃T ]⊗

2
√

1+tr(R̃)
and qs =

1
2

√
1 + tr(R̃). The closed-loop dynamics are

˙̃qq =
1

2
Q(q̃)(−RC

BRb̃ω − 4kωq̃q q̃s)

˙̃
bω = 4kbω

B

CRRTQT (q̃)q̃q,

(19)

where Q(q̃) := q̃sI + [q̃q]×, and ˙̃qs = −2kωq̃
T
q q̃q q̃s −

1
2 q̃

T
q

C
BRb̃ω. Using ||q̃q||2 = 1

8 ||R̃−I||2 the Lyapunov function
in quaternion form is given by V = 4||q̃q||2 + 1

2kbω
||b̃ω||2.
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Consider a coordinate transformation like the one proposed
in [11]. Let xq := (q̃q, b̃ω), xq ∈ Dq and Dq := B(3)×R3,
and define the system (19) in domain Dq = {xq ∈ Dq :
V < 4}. The set Dq corresponds to the interior of a Lyapunov
surface, so it is well defined and positively invariant. The
condition (18) implies that the initial state is contained in Dq.

Let x⋆ := (q̃q⋆, b̃ω⋆) and Dq := R3 × R3, and define the
linear time-varying system

ẋ⋆ =
[

A(t,λ) BT (t,λ)
−C(t,λ) 03×3

]
x⋆, (20)

where λ ∈ R+
0 × Dq, and the submatrices are de-

scribed by A(t, λ) = −2kω q̃s(t, λ)Q(q̃(t, λ)), B(t, λ) =
−1

2
B
CRRTQT (q̃(t, λ)), C(t, λ) = −4B

CRRTQT (q̃(t, λ)), and
q̃(t, λ) represents the solution of (19) with initial condition
λ = (t0, q̃(t0), b̃ω(t0)). The matrices A(t, λ), B(t, λ), and
C(t, λ), are bounded and the system is well defined.

If the parameterized system is λ-UGES, then the sys-
tem (19) is uniformly exponentially stable in Dq [26, p.14-15].
The parameterized system verifies the assumptions of [26]:

1) For bounded ω the elements of B(t, λ), and ∂B(t,λ)
∂t are

bounded.
2) The positive definite matrices P (t, λ) = 8kbωI

and Q(t, λ) = 32kbω q̃
2
s(t, λ)kωI, satisfy

P (t, λ)BT (t, λ) = CT (t, λ), −Q(t, λ) =
AT (t, λ)P (t, λ) + P (t, λ)A(t, λ) + Ṗ (t, λ) and
are bounded, namely qmI ≤ Q(t, λ) ≤ qMI, where
qM = 32kωkbω , qm = qM minxq∈Dq (1− ∥q̃q∥2).

The system (20) is λ-UGES if and only if B(t, λ) is λ-
uniformly persistently exciting [26]. In order to guarantee that,
the sufficient condition B(τ, λ)BT (τ, λ) ≥ αBI is shown for
αB > 0 independent of τ and λ. Given that

4yB(τ, λ)BT (τ, λ)y′ = ||y||2 −
(
yT B

CRRq̃q

)2
≥ ||y||2

(
1− ||q̃q||2

)
≥ ||y||2 min

xq∈Dq

(1− ∥q̃q∥2).

Then B(τ, λ)BT (τ, λ) is lower bounded and persistency of
excitation condition is satisfied. Consequently, the parameter-
ized system (20) is λ-UGES, and the nonlinear system (19) is
exponentially stable in the domain Dq.

Remark 1. Note that the conditions of Lemma 2 and Theo-
rem 1 are not restrictive, since ω is intrinsically bounded due
to the practical limitation on the energy of the system and the
condition (18) can always be verified inside the almost global
domain of attraction, by tuning the gains.

If the constant bias assumption is lifted, the convergence
result of Theorem 1 no longer holds. However, we can show
that for ∥ḃω∥ < γ, the estimation errors are also bounded with
ultimate bound proportional to γ.

Lemma 3. Consider the attitude observer defined in (17) and
assume that ω and ḃω are bounded, with ||ḃω|| < γ. Then, for
a sufficiently small γ, there is a sufficiently small error on the
initial estimates such that the estimation errors are bounded
with ultimate bound proportional to γ.

Proof: Let xq = (2q̃v,
1√
2kbω

b̃ω), V (xq) = 4||q̃v||2 +

1
2kbω

||b̃ω||2, and xq0 = xq(t0) and define the domain U =

{xq : V (xq) ≤ 4− ϵ}, 0 < ϵ < 4. From Theorem 1, we know
that if kb satisfies (18) and ḃω = 0, xq converges exponen-
tially fast to zero inside the domain U . Then, by the converse
Lyapunov theorem for systems with an exponentially stable
equilibrium point [27], there is a Lyapunov function Vq such
that c1||xq||2 ≤ Vq(t,xq) ≤ c2||xq||2, V̇q(t,xq) ≤ −c3||xq||2,
and

∣∣∣∣∣∣∂Vq

∂xq

∣∣∣∣∣∣ ≤ c4||xq||, for xq ∈ U . It follows that if ḃω ̸= 0

the time derivative of Vq verifies

V̇q ≤ −c3||xq||2 + c4κ||xq||||ḃω||, (21)

where κ = 1/
√
2kbω . Assuming that ||ḃω|| < γ, (21)

implies that V̇q < 0 for ∥xq∥ > c4
c3
κγ and ∥xq∥ <

√
4− ϵ.

If γ is sufficiently small we can guarantee that c4
c3
κγ <√

c1
c2
(4− ϵ) <

√
4− ϵ. Then for every initial condition

∥xq(t0)∥ <
√

c1
c2
(4− ϵ), xq(t) remains in U for all t ≥ t0.

Since V̇q < 0 for c4
c3
κγ < ∥xq∥ <

√
4− ϵ, we can conclude

that xq is ultimately bounded by
√

c2
c1

c4
c3
κγ.

Remark 2. Although Lemma 3 does not provide an expression
for the bound on the bias derivative, it shows that this bound
exists and the estimation errors will remain bounded for time-
varying rate gyro bias. In Section VII we present simulation
results that corroborate this behavior and indicate that the
bounds on ||ḃω|| and on the initial conditions are adequate
for practical purposes. Also note that Lemma 3 can be adapted
to account for band-limited noise, since the time-derivative of
the bias terms can also be interpreted as the time-derivative
of additive noise on the rate gyros measurements.

IV. CAMERA PAN AND TILT CONTROLLER

In this section, we address the problem of keeping the fea-
tures inside the image plane, exploiting the camera’s ability to
describe pan and tilt angular motions. As stated in Problem 2,
the strategy adopted to achieve this goal amounts to controlling
the camera pan and tilt angular velocities ψ̇ and ϕ̇ using
directly the image measurements yi and the angular velocity
readings ωr, so as to keep the image of the features’ centroid
at a close distance from the center of the image plane.

We resort to Lyapunov theory and consider the following
candidate Lyapunov function

W =
1

2
pTΠp =

1

2
(p2x + p2y) (22)

where p = [px py pz]
T is the position of {L} expressed

in {C} and Π ∈ R3×3 is the x-y plane projection matrix.
Using the expression for ω given in (5), the camera position
kinematics can be written as

ṗ = [p]×ω − v

= [p]×(R
T

tiltR
T

panωB +RT

tilt[ϕ̇ 0 ψ̇]T )− v (23)

where v is the camera linear velocity. Recall that by definition
p coincides with the position of the features’ centroid and
that according to (6) its image is given by ȳ. Therefore, by
guaranteeing that the Lyapunov function W is decreasing,
or equivalently [px py] is approaching the origin, we can
ensure that ȳ is approaching the center of the image plane. To
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Fig. 3. Projection of the visual features in the image plane.

simplify the notation and without loss of generality, assume
from now on that A = I so that ȳx = px/pz and ȳy = py/pz .

Before proceeding to define the pan and tilt control laws, we
highlight the fact that ȳ can be easily obtained from the image
measurements yi. By noting that the feature centroid lies at
the intersection between the vectors x3 −x1 and x4 −x2 and
the intersection between lines is clearly an image invariant,
we can immediately conclude that ȳ coincides with the point
at the intersection between y3 − y1 and y4 − y2 (see Fig. 3).

Lemma 4. Let the camera position kinematics be described
by (23) and assume that the rigid body and camera motions
are such that pz > 0 and cosϕ ̸= 0. Consider the control law
for the camera pan and tilt angular velocities given by[

ϕ̇

ψ̇

]
= kc

[
0 −1
1

cosϕ 0

]
ȳ −

[
1 0 0
0 tanϕ 1

]
RT

panω̂B (24)

where ω̂B = ωr − b̂ω and kc > 0. Then, the time derivative
of the Lyapunov function W along the system trajectories
satisfies

Ẇ ≤ −(kc − ϵ)W, ∀ ∥Πp∥ ≥ 1

ϵ

(
∥Πv∥+ pz∥b̃w∥

)
(25)

and 0 < ϵ < kc.

Proof: Taking the time derivative of (22) and using the
expressions for ṗ given in (23), we obtain

Ẇ = pTΠ([e3]×pzω − v)

= pz[py − px 0]RT

tilt(R
T

panωB + [ϕ̇ 0 ψ̇]T )− pTΠv.

Choosing ϕ̇ and ψ̇ such that

RT

tilt(R
T

panω̂B + [ϕ̇ 0 ψ̇]T ) = −kc[−ȳy ȳx κ]T (26)

for some κ and noting that ωB = ω̂B − b̃w yields

Ẇ = −kcW − pTΠ(v + pz[e3]×
C

BRb̃w)

and consequently (25) holds. Solving (26) for ϕ̇, ψ̇, and κ, we
obtain the control law (24).

Remark 3. If we apply the control law (24) to the system with
state Πp = [px py]

T and interpret v and pzb̃w as inputs, it
follows from (25) that the system is exponentially input-to-
state stable (ISS). As such, the distance between the image
of the centroid ȳ and the origin is ultimately bounded by
∥Πv/pz∥ and ∥b̃w∥ and converges exponentially fast to that

bound. Moreover, if Πv/pz and b̃w converge to zero so does
ȳ.

The proposed camera pan and tilt controller presents
some noteworthy differences with respect to classical visual-
servoing schemes, such as the image-based visual servo
(IBVS) solution that uses the image coordinates of four
coplanar points [1].

Comparing the control law (24) and an IBVS scheme with
actuation on the pan and tilt angular rates, both approaches
guarantee exponential decay of the error, provided that v and
b̃ω converge to zero. However, the traditional IBVS solution
uses the inverse of the error Jacobian matrix, which introduces
singularities and problems with local minima [1] not present
in (24). Moreover, (24) relies solely on the image coordinates
ȳ whereas using the inverse of the Jacobian matrix would
require reconstruction of the depth coordinate pz .

V. IMPLEMENTATION

In this section we describe the computational implemen-
tation of the attitude observer proposed in Section III and
camera’s pan and tilt controller derived in Section IV.

A. Discrete-time algorithm

Cameras typically have much lower sampling rates than
inertial sensors. To accommodate the different sampling rates
we adopt a multi-rate strategy. The complementary bandwidth
characteristics of the camera and the rate gyros can be explored
to obtain attitude estimates that are high-bandwidth due to the
inertial sensors and converge to zero due to the correction
term provided by the vision system. This implementation can
be seen as a prediction-correction algorithm. As illustrated
in the flowchart shown in Fig. 4, while an image is being
processed and the attitude feedback cannot be applied, the
attitude estimate R̂ is propagated using solely the angular
velocity readings ωr. As soon as the image data is available, R̂
is recomputed using both ωr and the vector readings CX̄. Note
that, with this approach, the lag associated with the acquisition
and processing of the visual information does not degrade
the estimates accuracy. Moreover, this algorithm increases the
inter-sampling accuracy of the estimates, which may be of
critical importance for control purposes.

Several techniques can be adopted for discretization of
differential equations. The choice of the algorithm depends on
the specific problem and stability and convergence are seldom
guaranteed. The integration method should guarantee that the
discrete-time implementation conveniently approximates the
original continuous-time observer. Classic Runge-Kutta meth-
ods cannot be correctly applied to rotation matrix dynamics
since polynomial invariants like the determinant of degree
three or greater are not preserved in general [28, Theorem
IV.3.3]. An alternative is to apply a method that intrinsically
preserves orthogonality like a Lie group integrator.

The attitude observer comprises the differential equations
(7) and (16), with ω̂ given by (15), and evolve on SO(3)
and R3, respectively. The first is integrated resorting to a
geometric numerical integration method namely, the Crouch-
Grossman Method (CG) [15], the Munthe-Kaas Method (MK)
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Fig. 4. Algorithm flowchart.

[17], or the commutator-free Lie group Method (CF) [18].
The second is implemented in discrete-time using a classic
numerical integration technique.

The geometric numerical integration algorithm may require
the knowledge of the function ω̂(t) at instants between sam-
pling times. Alternative sampling and computation strategies
can be adopted to obtain an approximation of this function,
such as, polynomial interpolation of the sampled data. Such
techniques can significantly increase the computational cost
undermining implementations in real-time. Moreover, the unit
is equipped with low cost sensors which do not justify the
use of high order methods and the computational resources
are limited. Hence, we chose to implement a second order
geometric numerical method because it eliminates the need
for inter-sampling interpolation and therefore it reduces the
computational burden.

Let the sampling period of the rate gyros be T ∈ R+

and assume for convenience that the sampling period of the
camera measurements is αT , where α is an integer greater
or equal to one. The discrete-time implementation of the bias
estimator (16) is obtained by using a second order Adams-
Bashford Method which is a multi-step method and hence
suitable for sampled data, see [29] for further details. The
resulting numerical integration algorithm can be summarized
as

b̂ω αk =b̂ω α(k−1) + αTkbω (3/2
B

CRα(k−1)sω α(k−1)

− 1/2B

CRα(k−2)sω α(k−2)).

This part of the algorithm is performed at the lower sampling
frequency of 1/αT , since sω is function of the camera
measurements.

To choose between the CF, CG, and MK methods to nu-
merically integrate (7), we took into account the computational
cost of each method. The CF technique was discarded because
it does not contemplate second order implementations and
higher order algorithms are very computation intensive. As for

the second order CG and MK methods, their coefficients can
be obtained from [20] and [28]. These numerical integration
techniques make use of the following operations: exponential
map Exp(.) and inverse of the differential of the exponential
map Dexp-1(.), which in SO(3) can be implemented using the
explicit forms

Exp(w) = I+
sin(||w||)

||w||
[w]× +

sin2
(

||w||
2

)
||w||2

2

([w]×)
2,

Dexp−1(w) = I− 1

2
[w]× −

||w|| cot
(

||w||
2

)
− 2

2||w||2
([w]×)

2,

where w ∈ R3 and w ̸= 0. If w = 0, Exp = Dexp−1 = I.
The number of elementary operations required to implement
each step of these methods is summarized in Table I for the
following operations: addition (+), multiplication (×), division
(/), square root (√) and trigonometric function (trig). From

TABLE I
NUMBER OF ELEMENTARY OPERATIONS IN EACH STEP FOR SECOND

ORDER CG AND MK METHODS.

operation + × /
√ trig

CG 2nd order 732 948 4 2 2
MK 2nd order 732 946 5 3 3

this table we can conclude that both methods have similar
computational costs. Implementing the attitude observer re-
sorting to the CG method we obtain

s(1)ω =

5∑
i=1

(R̂T

k−1
LX̄AXei)× (Uk−1ei),

ω̂(1) =C

BR
T

k−1(ωr k−1 − b̂ω k−1 +Rpan,k−1[ϕ̇ 0 ψ̇]
T )

− kωs
(1)
ω ,

Y = R̂k−1 Exp(T ω̂
(1)),

s(2)ω =
5∑

i=1

(Y T LX̄AXei)× (Ukei),

ω̂(2) =C

B RT

k (ωr k − b̂ω k +Rpan,k[ϕ̇ 0 ψ̇]
T )− kωs

(2)
ω ,

R̂k = R̂k−1 Exp

(
T

2
ω̂(1)

)
Exp

(
T

2
ω̂(2)

)
,

where the feedback terms s
(1)
ω and s

(2)
ω are set to zero when

the camera measurements are not available.

B. Lens distortion

Camera lens often introduce distortion in the captured
images. The most common distortion effects are the so called
barrel distortion and pincushion distortion [30]. Real lens
usually display a combination of these two effects.

When distortion is present the mapping function between
the 3D world coordinates and the image coordinates provided
by the perspective camera model is no longer valid. Usually,
the radial distortion is the main source of errors and therefore
a nonlinear inverse radial function is applied. This function

Preprint submitted to IEEE Transactions on Robotics. Received: December 16, 2010 08:35:18 PST
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(a) Original image. (b) Image with distortion com-
pensation.

Fig. 5. Experimental results for image distortion compensation.

Fig. 6. Experimental setup.

maps the image coordinates to those that would have been
obtained with ideal lens.

Let the distorted image coordinates and undistorted image
coordinates, be denoted as (ydx, y

d
y) and (y′x, y

′
y), respectively.

These coordinates are referred to a reference frame with origin
in the image distortion center. The inverse radial distortion
function can be written as a Taylor expansion [30], that results
in

y′x = ydx + ydx

∞∑
i=0

kir
i−1
d , y′y = ydy + ydy

∞∑
i=0

kir
i−1
d ,

where rd =
√
(ydx)

2
+

(
ydy
)2.

In this work, we only take into account the parameters k3
and k5 that, as stated in [30], are enough to obtain good
practical results. These constants are obtained by solving an
optimization problem as proposed in [31]. This method is
based on the principle that straight lines in 3-D space should
ideally remain straight lines in the 2-D image. A cost function
is then defined as the distance between a set of lines in the
image and a set of ideal straight lines, and it is minimized
with respect to the constants of the inverse radial distortion
function [30]. This method is independent of the calibration
process, which is responsible for the computation of the
camera intrinsic parameters. Fig. 5(a) and Fig. 5(b) show the
results obtained with the distortion correction method.

VI. EXPERIMENTAL SETUP

To assess the performance of the proposed solution, an
experimental setup comprising a MemSense nIMU and an

(a) Memsense nIMU. (b) AXIS 215 PTZ Camera.

Fig. 7. Hardware used in the real time prototype.

AXIS 215 PTZ camera was mounted on a Model 2103HT
motion rate table, which enabled the acquisition of high
accuracy ground truth data. Figure 6 shows the experimental
setup together with the set of four colored circles that were
used as visual features in the experiments. The circles are
placed in the vertices of a rectangle with 0.5 m height and
0.75 m width and during the experiments the distance between
the feature plane and camera ranged between 1.40 m and 1.60
m.

The Model 2103HT from Ideal Aerosmith [22] is a three
axis motion rate table that provides precise angular posi-
tion and rate (position accuracy ±0.0083 deg, rate accuracy
0.01%± 0.0005 deg s−1).

The MemSense nIMU shown in Fig. 7(a) is an inertial unit
that contains a triad of rate gyros, a triad of accelerometers,
and a triad of magnetometers. The data is received via a RS422
communication link with sampling frequency of 150 Hz.
The rate gyros have a dynamic range of ±150 deg s−1, a
typical noise of 0.36 deg s−1 (1σ) and a maximum noise of
0.95 deg s−1 (1σ).

The AXIS 215 PTZ shown in Fig. 7(b) is a network camera
that can be controlled in pan and tilt using stepper motors
(±170 deg pan range, 180 deg s−1 pan speed, 180 deg tilt
range, and 140 deg s−1 tilt speed). The angular positions and
speeds can be set with a resolution of 1 deg and 1 deg s−1,
respectively. The interface with the camera is done via a
local network and using the HTTP protocol. The acquired
JPEG images have 352× 288 pixels, which reflects the com-
promise reached between image resolution, acquisition time
and processing time. The sampling frequency of the image
measurements, which accounts for acquisition and feature
extraction, is 10 Hz.

VII. SIMULATION RESULTS

To demonstrate the effectiveness of the proposed ensemble
this section illustrates, in simulation, the dynamic behavior
of the active camera pan and tilt controller and the discrete-
time implementation of the attitude observer during a typical
vehicle maneuver. The tuning capabilities of the observer and
the controller are also displayed for two sets of feedback
gains. To test the performance of the observer, we evaluate
the convergence of the closed-loop system when the constant
bias assumption is not satisfied. We also present a comparison
between a single-rate implementation at the lower sampling
rate of the camera and the proposed multi-rate implementation,
which explores the high sampling frequency of the rate gyros.
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The positions of the features are Lx1 = [0 − 1 − 1]T m,
Lx2 = [0 1 − 1]T m, Lx3 = [0 − 1 1]T m, and Lx4 =
[0 1 1]T m, which satisfy

∑4
i=1

Lxi = 0 and Assumption 1.
The maneuver consists in a circular trajectory with a radius
of 2 m, parallel to the Lx,L y, plane and at a distance of 6 m.
The body velocity is aligned with the By axis and during 10 s
takes the constant value −4π/12.5 m s−1 (≈ 1 m s−1). From
then on, it decreases linearly until the starting point of the
maneuver is reached with zero velocity. The position of the
features and the trajectory of the rigid body is depicted in
Fig. 8. To match the conditions of the experimental setup, the
sampling rate of the vision system and inertial measurements
was set to 10 Hz and 150 Hz, respectively.

The initial estimation errors in the simulations are
||R̃(0)− I|| = 0.4129, b̃ω(0) = [0.5 0.5 0.5]T 180

π deg s−1,
and the initial pan and tilt camera angles are both set to 10 deg,
thus, (18) is satisfied by the initial conditions.

Figure 9 illustrates the stability and convergence of the esti-
mation errors. The time evolution of the norm of the features’
centroid, ||ȳ|| and the actuation imposed by the camera pan
and tilt controller are shown in Fig. 10. The overshoot on
||ȳ|| is due to the initial bias estimation error. Notice that,
as expected, when the camera linear velocity is non zero the
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ȳ
y

(p
ix

el
s)

 

 
kω = kbω

= 0.5 kc = 2
kω = kbω

= 1 kc = 4
Starting point

Fig. 11. Path followed by the centroid of the features in the image plane
for two different sets of gains.

centroid of the features in the image plane differs from the
center of the image. The figures also show that the feedback
gains can be used to tune the convergence characteristics of
the observer and the controller. Finally, Fig. 11 depicts the
evolution of ȳ in the image plane.

A. Time-varying rate gyro bias

The proposed attitude observer was derived under the as-
sumption that the rate gyro bias is constant. If this is not the
case the estimator will not be able to estimate exactly the time-
varying offset in the rate gyro measurements. Figure 12 shows
simulation results for two sinusoidal bias signals that vary at
different rates. The figure shows that the estimation error no
longer converges to zero, but remains bounded. Moreover, the
simulations also show that the bound increases with the bias
derivate, which is the theoretically predicted behavior.

B. Multi-rate algorithm

The inertial sensors have much larger bandwidth than vi-
sual systems. In our discrete-time algorithm we exploit this
fact to predict the attitude using solely the angular velocity
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information when the visual information is not available. This
is illustrated in Fig. 13, which shows the time evolution of
the attitude estimation error for the continuous-time, multi-
rate, and single-rate implementations of the observer. Notice
that the latter does not update the attitude estimate using the
angular velocity readings when the visual information is not
available.

The figure clearly shows that the multi-rate implementation
provides a much better approximation of the continuous-time
observer than the single-rate version and thereby leads to
smaller estimation errors.

VIII. EXPERIMENTAL RESULTS

This section describes the results obtained in two experi-
ments that attest the feasibility of the attitude observer and of
the ensemble comprising the observer and the camera pan and
tilt controller. The camera acquires images at 10 Hz and the
rate gyros sampling rate is 150 Hz. In both experiments, the
motion rate table described a combination of angular motions
in roll, pitch, and yaw and the distance between the camera and
the features ranged between 1.40 m and 1.60 m. The camera
calibration matrix is given by

A =

[
f
sx

− f cot θ
sx

ox

0 f
sy sin θ oz

0 0 1

]
,

with the focal length f = 3.8 mm, the image center (ox, oy) =
(320, 240) pixels, the effective pixel size in x and y (sx, sy) =
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Fig. 14. Angular rate measurements of the first experiment.

(0.011, 0.01) mm, and the angle between axes θ = 90 deg.

A. Using the measurement noise to tune the observer gains

Figure 14 shows the angular rate measurements obtained
by the nIMU Memsense during the first experiment in com-
parison with the values provided by the calibration table. The
measurement noise is characterized by a standard deviation of
0.5443 deg s−1, 0.4756 deg s−1, and 0.5386 deg s−1 (1σ) for
the x, y, and z axis, respectively. Regarding the visual features,
the measurement noise exhibited a standard deviation of 0.1
pixels.

The technique used to obtain the attitude observer is nat-
urally suited for tackling uncertainties like the presence of a
constant bias in the rate gyros, but renders the handling of
others like unbiased noise not straightforward. Nonetheless,
we can exploit the information about the measurement noise
characteristics in the design of the observer gains. This is
accomplished by running the observer in simulation using the
experimentally acquired measurement noise and searching for
the minimum error over a discrete array of values for the
gains kω , kbω (see Fig. 15). The minimum quadratic error
was obtained for the pair kω = 10−0.5, kbω = 10−1.75.

B. Wahba’s problem

The results were compared with the solution to the classical
Wahba’s problem [32], which is an optimal algebraic solution
to the problem of attitude reconstruction using vector mea-
surements.

The Wahba’s problem consists in finding the proper orthog-
onal matrix R ∈ SO(3) such that the loss function

J(R) = ||V −RW||, V,W ∈ Rn×m

is minimized for a given matrix norm.
Several methods described in the literature handle this

problem, namely the Davenport’s q-method whose solution
is based on quaternions, the QUEST algorithm, the ESOQ
algorithms and the SVD algorithm [33].



11

Fig. 15. Average quadratic error for several sets of gains kω and kbω .
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Fig. 16. Attitude determination using the solution to Wahba’s problem.

C. Experiment 1

In the first experiment the camera controller is idle and the
camera stands still. The trajectory is composed by a sequence
of angular motions and is such that the visual features remain
visible. The initial attitude estimate has an error of 6 deg in
roll, pitch and yaw.

To illustrate the advantages of the proposed algorithm we
computed at each instant of time the solution to Wahba’s
problem and used it as an alternative attitude estimate for
the same experiment. As opposed to the dynamic observer
proposed in this paper, the estimation method based on
Wahba’s problem neglects all knowledge of previous estimates
and relies solely on the vector readings extracted from the
current image measurements. The resulting attitude estimates
are shown in Fig. 16.

Figure 17 shows the estimation results provided by the
method proposed in this paper, which display an increased
accuracy and smoothness.

Figure 18 shows the errors of the two methods. The al-
gorithm proposed in this paper produces smaller errors and,
in addition, can provide attitude estimates at a much higher
sampling rate. The improvement in accuracy is also evidenced
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Fig. 17. Attitude estimation using the proposed algorithm.
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Fig. 18. Comparison of the estimation errors brought about by the use of
the Wahba’s solution and by use of the observer.

by the standard deviation of the estimation errors. The standard
deviations obtained with the observer are 0.0641 deg for roll,
0.3806 deg for pitch, and 0.3510 deg for yaw. Whereas the
standard deviations obtained with the Wahba’s solution are
0.0924 deg, 0.5248 deg, and 0.4635 deg for roll, pitch, and
yaw, respectively.

Figure 19 shows the time evolution of the angular rate
bias estimates. Although, due to the existence of measurement
errors, the bias estimates do not reach a constant value, they
remain within small intervals.

D. Experiment 2

In the second experiment the feasibility of the ensemble
comprising the attitude observer and the camera pan and tilt
controller is shown. In contrast to the first experiment, the
motion range of the second one requires the control of the
camera pan and tilt in order to keep the features visible. This
experiment is characterized by a set of motions at constant
angular velocity. The observer gains are the same used in the
first experiment.
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Fig. 19. Angular rate bias estimation.
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Fig. 20. Time evolution of the camera pan and tilt position and velocity and
of the features’ centroid in the image plane.

Figure 20 shows the time evolution of the camera pan
and tilt position and velocity, and the time evolution of the
features’ centroid in the image plane. Despite the reasonable
range of movements of the trajectory, the features remain
visible throughout the experiment due to the compensation
provided by the camera pan and tilt controller. Since the body
yaw angle is in the same rotation axis that the camera pan
angle, when this axis rotates there is no linear velocity and
the features’ center ȳ remains close to center of the image. In
other hand, when there exists a rotation about the pitch angle,
the linear velocity is different from zero and, as theoretically
expected, ȳ is not in the origin.

Figures 21 and 22 show the attitude estimates obtained
using the solution for the Wahba’s problem and the proposed
method. The errors of the two methods are shown in Fig. 22.
As in the previous experience the errors are smaller using the
proposed attitude observer. The standard deviations obtained
with the observer are 0.3318 deg for roll, 0.4638 deg for
pitch, and 0.8560 deg for yaw. Whereas the standard devia-
tions obtained with the solution for the Wahba’s problem are
0.4761 deg, 0.5739 deg, and 0.8618 deg for roll, pitch, and
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Fig. 21. Attitude determination using the solution to Wahba’s problem.
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Fig. 22. Attitude estimation using the proposed algorithm.

yaw, respectively.
Figure 24 shows the time evolution of the angular rate bias

estimates. The attitude estimation errors and the variability
of the bias estimate are greater in the second experiment
than in the first. This is due to the errors introduced by the
camera motion and the low accuracy of the pan and tilt angular
position and velocity measurements.

IX. CONCLUSIONS

This paper addressed the problem of estimating the attitude
of a rigid body equipped with a triad of rate gyros and a
pan and tilt camera. An exponential input-to-state stable pan
and tilt control law that enforces feature visibility was intro-
duced. A multi-rate implementation of the nonlinear attitude
observer that takes advantage of the complementary frequency
bands of the sensors and uses recent results in geometric
numerical integration was proposed. An optimal method for
the compensation of the lens distortion was implemented
and a griding technique was used to obtain suitable observer
feedback gains. The high level of performance attained by the
proposed solution was experimentally demonstrated resorting
to a three-axis motion rate table.
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Fig. 23. Comparison of the estimation errors brought about by the use of
the Wahba’s solution and by use of the observer.
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Fig. 24. Angular rate bias estimation.
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